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BILIPSCHITZ VERSUS QUASI-ISOMETRIC EQUIVALENCE FOR HIGHER
RANK LAMPLIGHTER GROUPS
TULLIA DYMARZ, IRINE PENG, AND JENNIFER TABACK
Abstract. We describe a family of finitely presented groups which are quasi-isometric but not
bilipschitz equivalent. The first such examples were described by the first author in [7] and are
the lamplighter groups F ≀ Z where F is a finite group; these groups are finitely generated but not
finitely presented. The examples presented in this paper are higher rank generalizations of these
lamplighter groups and include groups that are of type Fn for any n.
1. Introduction
In this paper we present the first finitely presented examples of groups which are quasi-isometric
but not bilipschitz equivalent, generalizing the finitely generated examples given by the first author
in [7]. Moreover, for any n this family of examples contains groups which are of type Fn.
The groups used in [7] to construct finitely generated examples of groups with this property were
the lamplighter groups F ≀ Z, where F is a finite group; our examples are higher rank analogues of
these groups. The main theorem of [7] relies on the fact that with respect to a certain generating
set, the Cayley graph of F ≀ Z is a Diestel-Leader graph, which is defined as a particular subset of
the product of two trees. The higher rank lamplighter groups have a preferred generating set with
resulting Cayley graph identified with the one skeleton of “larger” Diestel-Leader complexes which
are subsets of products of more than two trees. We denote these groups Γd(q) and refer to them
as Diestel-Leader groups; the corresponding Cayley graphs are denoted DLd(q). These graphs and
their geometry are discussed in Section 2 below.
The two results are as follows:
Theorem 1.1. [[7], Theorem 1.1] Let F and G be finite groups with |F | = n and |G| = nk where
k > 1. Then there does not exist a bilipschitz equivalence between the lamplighter groups G ≀ Z and
F ≀ Z if k is not a product of prime factors appearing in n.
The proof of this theorem and of Theorem 1.2 and Corollary 1.3 below rely on the existence of
an index k subgroup of the original group, which is necessarily quasi-isometric to the group; the
Cayley graph of this finite index subgroup is the graphDLkd(q) (see Section 2.3 for a definition). Our
main result below concerns these graphs, which we show to be quasi-isometric but not bilipschitz
equivalent to the original Cayley graphs DLd(q) for all parameter values d and q. Only for certain
values of these parameters is there a corresponding Diestel-Leader group Γd(q) whose Cayley graph
(relative to a given generating set) is DLd(q). In those cases, we obtain the analogous result on
the level of groups.
Key words and phrases. quasi-isometric equivalence, bilipschitz equivalence, higher rank lamplighter groups,
Diestel-Leader graphs, Diestel-Leader groups.
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Theorem 1.2. DLkd(q) is quasi-isometric to DLd(q) but not bilipschitz equivalent if k is not a
product of prime factors appearing in q.
Corollary 1.3. For each n there exist groups of type Fn which are quasi-isometric but not bilipschitz
equivalent.
The notions of quasi-isometric equivalence and bilipschitz equivalence of metric spaces are closely
related; quasi-isometric equivalence is a coarse generalization of bilipschitz equivalence, in the
following sense. Let X and Y be metric spaces with metrics dX and dY respectively.
1. A K-bilipschitz equivalence g : X → Y is a bijection satisfying, for all x, y ∈ X,
1
K
dX(x, y) ≤ dY (f(x), f(y)) ≤ KdX(x, y).
2. A (K,C)-quasi-isometric equivalence f : X → Y is a map satisfying, for all x, y ∈ X,
(1) 1
K
dX(x, y)− C ≤ dY (f(x), f(y)) ≤ KdX(x, y) + C, and
(2) NbhdC(f(X)) = Y .
For discrete groups, a bilipschitz map is equivalent to a bijective quasi-isometry. A natural question
to ask is for which classes of metric spaces these two notions coincide. We are further interested
in this question for finitely generated groups, which are considered as metric spaces with the word
metric dS arising from a finite generating set S. These notions of equivalence arise naturally for
finitely generated groups. If S1 and S2 are two finite generating sets for a group G, then the
resulting Cayley graphs are bilipschitz equivalent as metric spaces with the corresponding word
metrics.
Earlier examples of metric spaces for which quasi-isometric and bilipschitz equivalence are distinct
were given by Burago-Kleiner [5] and McMullen [12]. Both exhibit separated nets in R2 which are
quasi-isometric but not bilipschitz equivalent. However, these examples do not correspond to the
Cayley graphs of finitely generated groups.
This question for finitely generated groups was previously studied by Whyte in [17], who finds
a possible obstruction to their equivalence when the groups are amenable. Whyte developed a
criterion using uniformly finite homology to determine when a map between certain geometric
spaces is a bounded distance from a bijection. We use his results below, but do not develop the
theory of uniformly finite homology here; we refer the reader to [3, 4, 7] for more details.
The proofs of Theorems 1.1 and 1.2 are parallel in many ways; we strive to highlight the intricate
geometry of the Diestel-Leader groups in this paper, and quote results from [7] which are unchanged
between the two contexts. We refer the reader to [7] for any omitted proofs.
The first author would like to thank Kevin Wortman for useful conversations.
2. Groups and geometry
The proof of Theorem 1.1 in [7] relies on the fact that the geometry of the lamplighter group F ≀Z,
where F is a finite group of order n, is identified with a Diestel-Leader graph, which is a certain
subspace of a product of two trees and defined below in Section 2.1. That is, there is a particular
generating set with respect to which the Cayley graph for F ≀Z is exactly this Diestel-Leader graph.
The construction of a Diestel-Leader graph is more robust, and one can define analogous graphs
which are subsets of the product of any number of trees. The groups we consider below possess
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finite generating sets for which the resulting Cayley graphs can be identified with the 1-skeleton of
a “larger” Diestel-Leader complex. We make this precise below.
2.1. Diestel-Leader graphs and complexes. Let T q+1 denote the infinite regular q + 1 valent
tree oriented with q incoming edges and 1 outgoing edge at each vertex. Fix a base point and
identify each edge with the unit interval. This yields a height function h : T q+1 → R on the tree
that sends vertices surjectively to Z and maps the base point to zero. To be consistent with [2] we
orient the tree so that the height decreases across any incoming edge.
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Figure 1. A height function h on T 3+1.
Let T1, T2, · · · , Td denote d copies of T
q+1, each with a fixed base point, and let hi : Ti → R be
a height function on Ti. The Diestel-Leader complex is the subset of the product of these trees
defined by
DLd(q) =
{
(x1, . . . , xd) ∈ T1 × T2 × · · · × Td−1 |
d∑
i=1
hi(xi) = 0
}
.
We call the one skeleton a Diestel-Leader graph. To see the structure of this graph, the vertices
and edges are specified as follows.
V ert(DLd(q)) =
{
(x1, . . . , xd) ∈ V ert(T1 × T2 × · · · × Td−1) |
d∑
i=1
hi(xi) = 0
}
where there is an edge between (t1, t2, · · · , td−1), (s1, s2, · · · , sd−1) ∈ V ert(DLd(q)) if and only if
there are indices i, j so that there is an edge between ti and si in Ti, an edge between tj and sj in
Tj , and for all k 6= i, j we have tk = sk.
Diestel-Leader graphs arise as an answer to the question “Is any connected, locally finite, vertex
transitive graph quasi-isometric to the Cayley graph of a finitely generated group?” which is often
attributed to Woess. Analogous Diestel-Leader graphs can be defined as subsets of products of trees
with differing valences. When d = 2, Eskin, Fisher and Whyte in [9] show that the Diestel-Leader
graph that is a subset of Tm+1 × T n+1 is not quasi-isometric to the Cayley graph of any finitely
generated group when m 6= n. Diestel-Leader graphs which are subsets of d ≥ 3 trees of differing
valence are shown not to be Cayley graphs of finitely generated groups in [2].
2.2. Diestel-Leader groups. Bartholdi, Neuhauser andWoess in [2] construct a group of matrices
whose Cayley graph with respect to a particular generating set is identified with the 1-skeleton of
the Diestel-Leader complex DLd(q). We denote this group Γd(q) and refer to it as a Diestel-Leader
group. As the standard lamplighter groups arise when d = 2 we can view these Diestel-Leader
groups as higher rank lamplighter groups.
The construction in [2] is valid when d − 1 ≤ p for all primes p dividing q. In particular, when
d = 2 or d = 3, all values of q are permissible. When this condition is not satisfied, it is not known
whether DLd(q) is the Cayley graph of a finitely generated group; the smallest open case is DL4(2).
It is shown in Corollary 4.5 of [2] that Γd(q) is of type Fq−1 but not type Fq, hence if d > 2 these
groups are finitely presented.
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The matrix groups Γd(q) are constructed as follows. Let Lq be a commutative ring of order q with
multiplicative unit 1, and suppose Lq contains distinct elements l1, . . . , ld−1 such that their pairwise
differences are invertible. Define a ring of polynomials in the formal variables t and (t + li)
−1 for
1 ≤ i ≤ d− 1 with finitely many nonzero coefficients lying in Lq:
Rd(Lq) = Lq[t, (t+ l1)
−1, (t+ l2)
−1, · · · , (t+ ld−1)
−1].
It is proven in [2] that the group Γd(q) of affine matrices of the form
(1)
(
(t+ l1)
k1 · · · (t+ ld−1)
kd−1 P
0 1
)
, with k1, k2, · · · , kd−1 ∈ Z and P ∈ Rd(Lq)
has Cayley graph DLd(q) with respect to the generating set Σd,q consisting of d types of generators:
• Type Si for i = 1, 2, · · · d − 1 consists of matrices of the form
(
t+ li b
0 1
)±1
, b is an
element of the coefficient ring Lq.
• Type Sd consists of matrices of the form
(
t+li
t+lj
−b
t+lj
0 1
)±1
, for i, j ∈ {1, 2, · · · , d−1}, i 6= j
and b ∈ Lq.
We refer the reader to [1, 2] or [16] for a detailed description of the correspondence between the
elements of Γd(q) and the vertices of DLd(q). Roughly this correspondence is as follows:
• The vector (k1, k2, · · · , kd−1) of exponents arising from the upper left entry of the matrix g in
Equation (1) determines the heights of the coordinates of the vertex ofDLd(q) corresponding
to this matrix. Namely, g corresponds to a vertex (t1, t2, · · · , td−1, td) ∈ DLd(q) where
hi(ti) = ki for i = 1, 2, · · · , d− 1 and hd(td) = −(k1 + k2 + · · ·+ kd−1).
• The polynomial P in the upper right entry of the matrix in Equation (1) determines the
specific vertex in each tree at the given height.
This correspondence allows us to view the variable t+ li as associated to the tree Ti, the i-th tree
in the product, for 1 ≤ i ≤ d− 1. The variable t−1 is then associated with Td.
The change in the upper left entry of any matrix representing a group element under multiplication
by a generator from Σd,q is clear. In particular one can easily see that multiplication by a generator
yields a vertex which differs in height from the original vertex in two trees: in one the height has
been increased by 1 and in one the height has been decreased by 1.
Another way we can view these groups is as a semi-direct product.
Γd(q) = Rd(Lq)⋊ Z
d−1
where (k1, . . . , kd−1) ∈ Z
d−1 acts on Rd(Lq) by
(k1, . . . , kd−1) · P = P (t+ l1)
k1 · · · (t+ ld−1)
kd−1 .
If we let  Lq((t)) denote the ring of Laurent series with coefficients in  Lq then we also have a discrete
cocompact embedding
Rd(Lq)→
d∏
i=1
 Lq((t))
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given by the identifications of  Lq((t + li)) ≃  Lq((t)) for i = 1, . . . , d − 1 and  Lq((t
−1)) ≃  Lq((t)).
This gives a discrete and cocompact embedding of
Γd(q) = Rd(Lq)⋊ Z
d−1 →֒
(
d∏
i=1
 Lq((t))
)
⋊Zd−1.
We will use this point of view in Section 4.
2.3. Finite index subgroups of Γd(q). The proof of Theorem 1.2 relies on the existence of an
index k subgroup of Γd(q). We describe such a subgroup by considering group elements corre-
sponding to vertices in DLd(q) for which the height of the first coordinate lies in kZ. We use the
generating set Σd,q given above to define this subgroup, which we denote Γ
k
d(q).
Let Γkd(q) be the subgroup of Γd(q) containing all matrices of the form
(2)
(
(t+ l1)
ke1(t+ l2)
e2 · · · (t+ ld−1)
ed−1 P
0 1
)
, with e1, e2, · · · , ed−1 ∈ Z and P ∈ Rd(Lq).
We claim that Γkd(q) is a subgroup of Γd(q) of index k.
Proposition 2.1. The subgroup Γkd(q) containing the matrices listed above is a finitely generated
subgroup of index k in Γd(q).
Proof. It is clear that the set of matrices of this form is closed under multiplication and hence the
k cosets of Γkd(q) are Γ
k
d(q)
(
t+ l1 0
0 1
)i
for i = 0, 1, 2, · · · , k − 1.
As Γkd(q) is finite index in Γd(q) it is clearly finitely generated; to describe the correspondence
between Γkd(q) and a particular subgraph of DLd(q) is is helpful to list the generators of Γ
k
d(q),
which are:
• products of the form
k∏
i=1
(
t+ l1 bi
0 1
)
and their inverses, where bi ∈  Lq, and
• products of the form
k1∏
i=1
(
t+l1
t+lji
−b
t+lji
0 1
)
k2∏
i=1
(
t+ l1 bi
0 1
)
and their inverses, where k1 + k2 = k, ji 6= 1 and bi ∈  Lq.
• All remaining generators of Γd(q) which do not involve t+ l1.

Note that the construction of Γkd(q) is completely symmetric in the first d − 1 variables and will
produce additional examples of index k subgroups when l1 is replaced by lj . As the assignment
of variables to trees is somewhat arbitrary we could permute the variables in other ways to create
additional examples of finite index subgroups.
The finite index subgroups Γkd(q) we consider are not Diestel-Leader groups; however, their Cayley
graphs (with respect to the given generating set) are closely related to the 1-skeletons of Diestel-
Leader complexes. The above description demonstrates that the Cayley graph of Γkd(q) “sits inside”
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of the Cayley graph of Γd(q) – it contains all vertices of the Cayley graph of Γd(q) in which the
height of the first coordinate is an integral multiple of k. We make this precise by defining a
subgraph DLkd(q) of DLd(q) whose vertices are a subset of V ert(DLd(q)) but whose edges are
unions of edges from the original graph.
Let T1 = T¯
qk+1 be the qk + 1 valent tree whose edges have length k; we can view this tree as
being constructed by taking every k-th level of vertices from our standard tree T q
k+1. The height
function h1 on this tree maps vertices to kZ. Let Ti = T
q+1 for i = 2, . . . d with height functions
hi as before. Define
V ert(DLkd(q)) =
{
(x1, . . . , xd) | x1 ∈ V ert(T¯
qk+1), xi ∈ V ert(T
q+1), 2 ≤ i ≤ d,
d∑
i=1
hi(xi) = 0
}
.
Edges inDLkd(q) have one of two forms; suppose that (s1, s2, · · · , sd), (t1, t2, · · · , td) ∈ V ert(DL
k
d(q))
differ by an edge in DLkd(q). Then either:
• there are indices i, j ∈ {1, 2, · · · , d} so that si and ti are connected by a single edge in Ti,
and sj and tj are connected by a single edge in Tj. These edges are edges in DLd(q) as
well.
• the vertices s1 and t1 are connected by an edge of length k in T1 and there is a collection
of indices i1, i2, · · · ir so that sil and til are connected in Til by a path of ql edges, and
q1 + q2 + · · ·+ qr = k. Together this is a compilation of k edges from DLd(q).
The one skeleton of DLkd(q) is the Cayley graph of the index k subgroup Γ
k
d(q) of Γd(q).
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Figure 2. DL24(3) is a subset of the product of these trees.
With this description of the geometry of DLkd(q) we can give a brief sketch of the proof of Theorem
1.2.
Sketch of the proof of Theorem 1.2. First we suppose there is a bijective quasi-isometry φ :
DLkd(q)→ DLd(q). Proposition 3.5 below then guarantees an induced k-to-1 quasi-isometry
Φ : DLkd(q)→ DL
k
d(q)
(i.e. |Φ−1(v)| = k for each vertex v). In Section 4 we show that this is impossible if k is not a
product of prime factors appearing in q.
3. Boxes and Følner sets
In order to define a k-to-1 map from DLkd(q) to itself, we further describe the geometry of the
graphs DLkd(q). Note that when k = 1 we are considering the original Diestel-Leader complex
DLd(q) so this case is covered as well.
First we define a family of sets which we call boxes. Our k-to-1 map is initially defined on a box
of a fixed size. Next we show that DLkd(q) can be tiled by a disjoint union of these boxes which
allows us to extend the map to the whole of DLkd(q). Finally we show that if we take a sequence
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of boxes of increasing size we obtain a Følner sequence (see Definition 3.3.) This is necessary for
the results in Section 4.
Boxes. For any k ∈ N there is a natural “height” map ρ : V ert(DLkd(q))→ kZ× Z
d−2 given by
ρ(x1, . . . , xd) = (h1(x1), . . . , hd−1(xd−1)).
A box will be a connected component of the inverse image of this map. More precisely:
Definition 3.1. Let V kh =
∏
[ai, bi] be a subset of kZ× Z
d−2 with |bi − ai| = h for all i. Define a
box Bkh ⊂ DL
k
d(q) to be a connected component of ρ
−1(Vh).
An alternate description of Bkh is as follows: For each Ti where i ≤ d−1 take a connected component
of h−1i [ai, bi] and for Td take a connected component of h
−1
d [−
∑
bi,−
∑
ai]. Then B
k
h is the product
of these tree components restricted to DLkd(q). To simplify calculations we will assume that h is a
multiple of k.
Lemma 3.2. Let v ∈ V kh . Then ρ
−1(v) ∩Bkh contains exactly q
(d−1)h vertices.
Proof. First note that Bkh ∩ Td is a subtree of height
−
d−1∑
i=1
ai +
d−1∑
i=1
bi = (d− 1)h
and hence contains q(d−1)h vertices at its maximal height. Thus ρ−1(a1, a2, · · · , ad−1)∩B
k
h contains
q(d−1)h vertices, as each Ti for 1 ≤ i ≤ d− 1 has a unique vertex in B
k
h ∩ Ti at height ai. We now
show that the preimage of any point in V kh contains this same number of vertices.
Choose any point v = (b1 − r1, b2 − r2, · · · , bd−1 − rd−1) ∈ V
k
h , where r1 ∈ kZ and 0 ≤ ri ≤ h. For
any 1 ≤ i ≤ d− 1 the set ρ−1(v) ∩Bh ∩ Ti contains
qbi−ri−ai
vertices. The height of the d-th coordinate of any vertex in ρ−1(v) ∩Bkh must be
−
d−1∑
i=1
bi +
d−1∑
i=1
ri
and there are q−α possible vertices in Bkh ∩ Td at this height, where
α =
d−1∑
i=1
bi +
d−1∑
i=1
ri +
d−1∑
i=1
bi =
d−1∑
i=1
ri.
Thus there are q−β vertices in ρ−1(v) ∩Bkh, where
β =
d−1∑
i=1
bi −
d−1∑
i=1
ri −
d−1∑
i=1
ai +
d−1∑
i=1
ri =
d−1∑
i=1
bi −
d−1∑
i=1
ai = (d− 1)h.

We now show that these boxes constitute a Følner sequence in DLkd(q).
Definition 3.3. A Følner sequence Fi in a discrete space X is a collection of finite sets with the
property that for each r > 0
lim
i→∞
|∂rFi|
|Fi|
→ 0.
where ∂rS is the set of all points in S that are distance at most r from X \ S.
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The existence of a Følner sequence is a defining property of an amenable group.
Lemma 3.4. The boxes Bh define a Følner sequence.
Proof. Since ∂rS is all points s ∈ S with dist(s,X \ S) ≤ r then ∂rBh is the set of all x ∈ Bh with
ρ(x) ∈ ∂rVh. It follows from Lemma 3.2 that
|Bh| = |Vh|q
(d−1)h
and
|∂rBh| = |∂rVh|q
(d−1)h
Since Vh is a Følner sequence in kZ× Z
d−2 the lemma follows. 
We now use these boxes in DLkd(q) to alter a bijective quasi-isometry ϕ : DL
k
d(q)→ DLd(q) into a
k-to-1 quasi-isometry
Φ : DLkd(q)→ i(DL
k
d(q)) ≃ DL
k
d(q)
which will be used in the proof of Theorem 1.2.
Proposition 3.5. Suppose ϕ : DLkd(q)→ DLd(q) is a bijective quasi-isometry. Then by modifying
ϕ a bounded amount we get an induced k-to-1 quasi-isometry Φ : DLkd(q)→ i(DL
k
d(q)) ≃ DL
k
d(q).
Proof. We will show that there is a k-to-1 map u : DLd(q)→ DL
k
d(q) which is a bounded distance
from the identity. Then we set Φ = u ◦ ϕ.
Note that the vertices of i(DLkd(q)) are exactly those vertices of DLd(q) where the height of the T1
coordinate is a multiple of k, that is, ρ(i(DLkd(q))) = kZ× Z
d−2.
Let a1 be a multiple of k and let h = k. Lemma 3.2 ensures that for any v ∈ V
1
h , the set
ρ−1(v) ∩B1h ⊂ DLd(q) contains a constant number of vertices. For v = (x1, . . . , xd−1) ∈ V
1
h define
v¯ = (k⌊x1/k⌋, x2, . . . , xd−1) ∈ kZ× Z
d−2
and map the vertices in ρ−1(v)∩B1h bijectively to ρ
−1(v¯)∩B1h. Note also that DLd(q) can be tiled
by boxes that are copies of B1h so that we can extend the definition of this map to all of DLd(q).
This map is k-to-1 and sends DLd(q) to i(DL
k
d(q)). As vertices in B
1
h are all mapped to vertices in
B1h, all vertices are moved a uniformly bounded amount and hence this map is within a bounded
distance of the identity map on this box. 
4. Boundaries and quasi-isometries
In this section we embed DLkd(q) into
d∏
i=1
( Lq((t)) ⋊α Z)
and use this embedding to better understand its quasi-isometries.
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4.1. Laurent series  Lq((t)). In this section we require only that  Lq is a group of order q. Then
 Lq((t)) denotes the set of Laurent series with coefficients in  Lq. While the construction of the
group Γd(q) requires that  Lq be a ring with specific properties, the result in Theorem 1.2 is a more
general statement for Diestel-Leader graphs, and applies to all DLd(q) regardless of the choice of
parameters, that is, even to those Diestel-Leader graphs which are not the Cayley graphs of finitely
generated groups using the construction from [2].
For each ξ =
∑
bit
i ∈  Lq((t)) we define the clone of size q
−n containing ξ by
Cξ,n =
{∑
ait
i | ai = bi for i ≤ n
}
Note that  Lq((t)) has a natural metric space structure where length is given by |
∑∞
i=n ait
i| = q−n.
The associated Hausdorff measure will be denoted by µ. Note that
µ(Cξ,n) = diam(Cξ,n) = q
−n.
Let α :  Lq((t))→  Lq((t)) be the automorphism defined by
α(
∑
aiq
i) =
∑
ai−1q
i.
Then α is a contraction in that for each ξ ∈  Lq((t)) we have that |α
n(Cξ,n)| → 0 (and diam(α
n(Cξ,n))→
0) as n→∞.
4.2. Relation between Laurent series and trees. The space  Lq((t))⋊α Z is roughly isometric
(i.e. (1, C)-quasi-isometric) to the tree T q+1; this is described in more detail, for example, in [6]
and [7].
The rough isometry
π :  Lq((t)) ⋊α Z→ T
q+1
is determined in the natural way by the standard identification of  Lq((t)) with the space of vertical
geodesics in T q+1 (see [7] or [9] for more details). This identification maps each set of the form
Cξ,n × {n} to a single vertex in T
q+1. In fact it induces a bijective correspondence between these
sets and vertices in the tree.
Similarly, π induces a rough isometry
πk :  Lq((t)) ⋊α kZ→ T¯
qk+1.
Alternatively, if we rescale the metric on Z by k then we have a rough isometry
πk :  Lqk((t))⋊α Z→ T¯
qk+1.
where now α is the standard contraction on  Lqk((t)). In all cases projection to the Z coordinate
corresponds to the height map.
Remark. The space of vertical geodesics has been called the boundary of the tree T q+1. In previous
literature, Qq has been used to denote the boundary of a tree instead of  Lq((t)) but here it is more
natural to use  Lq((t)). As metric spaces,  Lq((t)) and Qq are identical.
4.3. Relation between Laurent series and Diestel-Leader graphs. When d = 2 and Γ2(q)
is the lamplighter group F ≀ Z where |F | = q, we have cocompact discrete embeddings
Γ2(q)→ ( Lq((t)) ⊕  Lq((t)))⋊ Z
where the action of Z on  Lq((t))⊕  Lq((t)) is given by (α,α
−1). See, for example, [15].
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In Section 6 of [7] the metric on ( Lq((t)) ⊕  Lq((t))) ⋊Z is described. The quasi-isometry
π : ( Lq((t)) ⊕  Lq((t))) ⋊ Z→ DL2(q)
is also explicitly constructed; to define this map, sets of the form Cξ,n ×Cζ,−n × {n} are collapsed
to vertices of DL2(q). This correspondence is again a bijection.
Note that we have a (quasi-isometric) embedding
(3) ( Lq((t))⊕  Lq((t))) ⋊ Z →֒ ( Lq((t)) ⋊α Z)
2 ≃ T q+1 × T q+1
where (η, ξ, t) is sent to ((η, t), (ξ,−t)). That is, the sum of the heights of the image points is always
zero.
We refer to the two copies of  Lq((t)) in Equation (3) as the boundaries of DL2(q).
4.4. A higher rank analogue of boundary. In analogy to the previous examples we consider
the group
G =
(
d∏
i=1
 Lq((t))
)
⋊Zd−1
where (t1, . . . , td−1) ∈ Z
d−1 acts by (αt1 , . . . , αtd−1 , α−(t1+···+td−1)).
As before we have a quasi-isometric embedding
G =
(
d∏
i=1
 Lq((t))
)
⋊ Zd−1 →֒
d∏
i=1
( Lq((t))⋊α Z) ≃
d∏
i=1
Tq+1
where
((ξ1, . . . , ξd), (t1, . . . , td−1)) 7→ ((ξ1, t1), . . . , (ξd−1, td−1), (ξd,−(t1 + · · ·+ td−1))).
Note that G embeds as the set of all points whose heights sum to zero so that we can identify G
with DLd(q). The quasi-isometry
π :
(
d∏
i=1
 Lq((t))
)
⋊Zd−1 → DLd(q)
takes sets of the form
(∏d
i=1Cξi,ti
)
× {(t1, . . . , td−1)} where td = −(t1 + · · · + td−1) and collapses
them to vertices of DLd(q). Again, the correspondence is a bijection between these sets and vertices
of DLd(q). We call the d copies of  Lq((t)) the boundaries of DLd(q).
A natural corollary to our previous statements is that we obtain a quasi-isometry
πk :
(
d∏
i=1
 Lq((t))
)
⋊ (kZ× Zd−2)→ DLkd(q)
and a bijective correspondence between vertices of DLkd(q) and sets of the form(
d∏
i=1
Cξi,ti
)
× {(t1, . . . , td−1)}
where now t1 is a multiple of k.
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4.5. From boundary maps to interior maps. .
Let Bilip( Lq((t))) denote all bilipschitz maps φ :  Lq((t)) →  Lq((t)). Given d bilipschitz maps
φi ∈ Bilip( Lq((t))) we can construct a quasi-isometry Ψ : DL
k
d(q)→ DL
k
d(q) by setting
Ψ = πk ◦ φ1 × · · · × φd × id ◦ π¯k
where π¯k is a coarse inverse of πk.
Work of the second author, which generalizes the analogous results for Diestel-Leader graphsDL2(q)
in [9], shows that all quasi-isometries of DLd(q) are a bounded distance from a function of the above
form. Namely:
Theorem 4.1 (Peng). Any (K,C) quasi-isometry Φ : DLd(q)→ DLd(q) is bounded distance from
a map of the form
π ◦ φ1 × · · ·φd × id ◦ π¯
where φi ∈ Bilip( Lq((t))) and π and π¯ are as above, up to permuting the  Lq((t)) factors.
Proof. This proof fits into the context of Peng’s work on the structure of quasi-isometries of higher-
rank solvable Lie groups. For a brief sketch of this work please see the appendix. 
If Φ ∈ QI(DLkd(q)), we call the maps φi ∈ Bilip( Lq((t))) the boundary maps induced by Φ. In
order to apply certain results from [7] we require the boundary maps arising from our bijective
quasi-isometry to be particularly nice, that is, measure linear. We first define this property and
then state Proposition 4.3, which guarantees two things: first, that we may replace our original
quasi-isometry with one whose boundary maps are measure linear, and second that the resulting
quasi-isometry is also k-to-1, with measure linear constants that are products of the prime divisors
of q. Any omitted proofs can be found in [7].
Definition 4.2. A map φ :  Lq((t))→  Lq((t)) is said to be measure linear on  Lq((t)) if there exists
some λ such that for all A ⊂  Lq((t))
µ(φ(A))
µ(A)
= λ.
where µ is the Hausdorff measure on  Lq((t)).
Proposition 4.3. Any quasi-isometry Φ : DLkd(q) → DL
k
d(q) gives rise to a quasi-isometry Φ¯
where the induced boundary maps are measure-linear with measure-linear constants λ1, . . . , λd. In
addition if Φ is k-to-1 then Φ¯ is also k-to-1, and the λi are products of prime divisors of q.
The proof of Proposition 4.3 follows from Propositions 4.5 and 4.7 of [7].
The sequence of maps we consider is the following. Beginning with our initial bijective quasi-
isometry φ : DLkd(q) → DLd(q), we construct a k-to-1 quasi-isometry Φ : DL
k
d(q) → DL
k
d(q).
There is an induced quasi-isometry Φ¯ : DLkd(q) → DL
k
d(q) where the resulting boundary maps
φi, · · · , φd are measure linear with constants λ1, λ2, · · · , λd, where each λi is a product of powers
of prime factors of q. In the next section, using these boundary maps, we construct another quasi-
isometry Ψ : DLkd(q) → DL
k
d(q) which is a bounded distance from Φ¯. Without loss of generality
we replace Φ with Φ¯ for the remainder of this paper.
4.6. Boxes defined by boundaries. The identification of DLkd(q) and(
d∏
i=1
 Lq((t))
)
⋊ (kZ× Zd−2)
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described above allows us to define boxes in DLkd(q) in terms of clones in the factors of
 Lq((t))× · · · ×  Lq((t)).
Definition 4.4. Given clones Ci ⊂  Lq((t)) of size µ(C1) = q
bi for i = 1, · · · , d where b1 is a
multiple of k set
• h =
∑d
i=1 bi
• ai = bi − h for i = 1, . . . , d− 1
• ad = bd − (d− 1)h.
If h is a nonnegative integer then define
V kb1,...,bd = {(v1, . . . , vd−1) | vi ∈ [ai, bi] for i = 1, . . . , d− 1} ⊂ kZ× Z
d−2.
Note that V kb1,...,bd = V
k
h as in Definition 3.1. Again, without loss of generality we will always assume
that h is a multiple of k.
Observation 4.5. Let Ci ⊂  Lq((t)) be clones with µ(Ci) = q
bi for i = 1, . . . , d and b1 a multiple
of k. Let V kh = V
k
b1,··· ,bd
be as in Definition 4.4 above. Then
SC1,...,Cd = πk(C1 × · · · × Cd × Vh) ⊂ DL
k
d(q)
is a box Bkh as in Definition 3.1 and for each v ∈ Vh we have that
|ρ−1(v)| = q(d−1)h = qb1qb2 . . . qbd−1q−
∑
ai = µ(C1) · · · µ(Cd).
The observation follows from the definition of π and from the fact that bi − ai = h for i =
1, 2, · · · , d− 1 and hence
d−1∑
i=1
bi −
d−1∑
i=1
ai =
d−1∑
i=1
(bi − ai) =
d−1∑
i=1
h = (d− 1)h.
4.7. Defining the quasi-isometry Ψ. We now define a quasi-isometry
Ψ : DLkd(q)→ DL
k
d(q)
which is a bounded distance from the map Φ and which is on average 1
λ1λ2···λd
-to-1.
Lemma 4.6. Let Ψ : DLkd(q) → DL
k
d(q) be a (K,C)-quasi-isometry defined by measure-linear
boundary maps φi with measure-linear constants λi for i = 1, 2, · · · , d. Let SC1,...,Cd be a box as in
Lemma 4.5 with h≫ logdK. Then, for r = logqK we have
1
λ1λ2 · · ·λd
(|SC1,...,Cd |−|∂rSC1,...,Cd |) ≤
∑
x∈SC1,...,Cd
|Ψ−1(x)| ≤
1
λ1λ2 · · ·λd
|SC1,...,Cd |+K
d|∂rSC1,...,Cd |
Proof. As in the proof of Lemma 6.3 in [7] we know that φ−1i (Ci) = ⊔A
j
i where A
j
i are clones of
size
mi = µ(A
j
i ) ≥ (1/K)µ(Ci).
In particular there are 1
λimi
µ(Ci) many clones in φ
−1
i (Ci). This implies that, for a fixed v ∈ Z
d−1,
there are
d∏
i=1
µ(Ci)
λimi
=
µ(C1)µ(C2) · · · µ(Cd)
λ1 . . . λd
·
1
m1m2 · · ·md
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many sets of the form
Aj11 × · · ·A
jd
d × {v}
in the pre-image of SC1,...,Cd under φ1 × · · · × φd × id. If v ∈ Vlogq m1,...,logq md (see Definition 4.4)
then by Lemma 4.5 we have that π(Aj11 × · · ·A
jd
d × {v}) contains µ(A
j1
1 ) · · ·µ(A
jd
d ) = m1m2 · · ·md
many vertices. Which means that
π¯(DLkd(q)) ∩ (A
j1
1 × · · ·A
jd
d × {v})
contains m1m2 · · ·md many images of vertices.
Now consider v ∈ Vb1,...,bd \ ∂rVb1,...,bd where r = logqK. Then we we have
µ(C1)µ(C2) · · · µ(Cd)
λ1 . . . λd
·
1
m1m2 · · ·md
·m1m2 · · ·md =
µ(C1)µ(C2) · · ·µ(Cd)
λ1 . . . λd
many vertices being mapped to SC1,...,Cd at v ∈ V . But by Lemma 4.5 there are µ(C1)µ(C2) · · · µ(Cd)
many vertices in ρ−1(v). Therefore there are 1/λ1 · · · λd many vertices being mapped onto each
vertex on average.
Finally for v ∈ ∂rVb1,...,bd it is possible, depending on the choice of π¯, that no vertices or as many
as
∏d
i=1 diam(φ
−1
i (Ci)) are mapped to ρ
−1(v) ∩ Bh. But diam(φ
−1
i (Ci)) ≤ Kµ(Ci) so that there
are at most Kdµ(C1) · · · µ(Cd) vertices being mapped to ρ
−1(v) ∩Bh ⊂ ∂rBh. 
The remainder of the arguments rely on the theory of uniformly finite homology in spaces of
uniformly discrete bounded geometry (denoted Hufi (X)). This is developed in [3, 4] and [17] and
an overview is given in [7]. We refer the reader to those references for background. The main
results we will use are the following:
(1) For any such space X there is a fundamental class [X] and if χ : X → X is a k-to-1 map,
then χ∗([X]) = k[X].
(2) Any two quasi-isometries that are a bounded apart induce the same map on homology.
(3) For any chain c =
∑
x∈X axx ∈ C
uf
0 (X) we have [c] = 0 ∈ H
uf
0 (X) if and only if there is
some r > 0 so that for any Følner sequence {Fi},∣∣∣∣∣∣
∑
x∈Ti
ax
∣∣∣∣∣∣ = O(|∂rFi|).
Proposition 4.7. If X = DLkd(q) and φ1, . . . , φd are measure-linear maps of  Lq((t)) with constants
λ1, . . . , λd, define Ψ = πk ◦ (φ1 ◦ φ2 ◦ · · · ◦ φd) ◦ π¯k ∈ QI(X) as above. If k 6= 1/λ1λ2 · · ·λd then
Ψ∗(X) 6= k[X].
Proof. The proof of this proposition is similar to the proof of Proposition 6.4 in [7].
Let SC1,...,Cd be an increasing sequence of boxes in DL
k
d(q), which is necessarily a Følner sequence.
Let c be the chain defined by
c =
∑
x∈X
axx
where ax = |ψ
−1(x)| − k. By Lemma 4.6 we have that for r = logqK,
1
λ1λ2 · · ·λd
(|SC1,...,Cd |−|∂rSC1,...,Cd |) ≤
∑
x∈SC1,...,Cd
|Ψ−1(x)| ≤
1
λ1λ2 · · ·λd
|SC1,...,Cd |+K
d|∂rSC1,...,Cd |
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so that unless 1
λ1λ2···λd
= k we have that |
∑
x∈SC1,...,Cd
ax| is not O(|∂rSC1,...,Cd |) since |SC1,...,Cd | is
not O(|∂rSC1,...,Cd |). 
To conclude the proof of Theorem 1.2, note that if Ψ and Φ have the same boundary maps then
they are bounded distance apart. In particular,
Ψ∗([X]) = Φ∗([X]).
If Φ is k-to-1 then Φ∗[X] = k[X] but if k is not a product of primes appearing in q then by
Proposition 4.3 k 6= 1/λ1λ2 · · ·λd, contradicting Proposition 4.7.
Proof of Corollary 1.3. Choose d and q so that d− 1 ≤ p for all primes p dividing q, and hence the
one skeleton of DLd(q) is the Cayley graph of the group Γd(q). Then by Corollary 4.5 of [2] Γd(q)
is of type Fq−1 and hence so is Γ
k
d(q) for any k ∈ Z
+.
For any k ∈ Z+, the group Γd(q) and its index k subgroup Γ
k
d(q) are quasi-isometric. Choose
k ∈ Z+ which is not a product of prime factors appearing in q. Then by Theorem 1.2 there is
no bilipschitz map (that is, bijective quasi-isometry) between DLd(q) and DL
k
d(q), hence no such
map between Γd(q) and Γ
k
d(q) exists. Thus Γd(q) and Γ
k
d(q) are quasi-isometric but not bilipschitz
equivalent. 
5. Appendix
The goal of this appendix is to place Theorem 4.1 (which we restate below with a slightly different
perspective) in the context of the work of Eskin, Fisher and Whyte and the second author in
[9, 10, 11, 13, 14]. Namely, using the quasi-isometry between DLd(q) and
(∏d
i=1  Lq((t))
)
⋊ Zd−1
described in Section 4.4, Theorem 4.1 can be stated as follows.
Theorem 4.1 (Peng). Any (K,C) quasi-isometry
Φ :
(
d∏
i=1
 Lq((t))
)
⋊ Zd−1 →
(
d∏
i=1
 Lq((t))
)
⋊ Zd−1
is, up to permuting the  Lq((t)) factors, a bounded distance from a map of the form
φ1 × · · ·φd × id
where φi ∈ Bilip( Lq((t))).
We will state the main theorems of Eskin, Fisher and Whyte and the second author but for a more
detailed summary and outline of their work we refer the reader to [8]. In particular Section 4.4 of
[8] describes the second author’s extension of Eskin, Fisher and Whyte’s original work.
In [9, 10, 11] Eskin, Fisher and Whyte prove the following theorem.
Theorem 5.1 (Eskin-Fisher-Whyte). Let X = Sol or DL2(q). Then any self quasi-isometry of X
is, up to permuting the first two coordinates, a bounded distant from a map of the form
fl × fu × id
where fl, fu are bilipschitz maps of R if X = Sol or bilipschitz maps of  Lq((t)) if X = DL2(q).
Recall that Sol = R2⋊R where the action of R on R2 is given by any matrix A ∈ SL2(R). We can
also view Sol as a subset of the product of two hyperbolic planes:
Sol = {((x1, y1), (x2, y2)) ∈ H
2 ×H2 | ln y1 + ln y2 = 0}.
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This gives Sol an analogous structure to DL2(q).
The second author proves a broad generalization of Theorem 5.1 in [13, 14] that includes many
solvable Lie groups of the form Rn ⋊ Rk. We will only state her theorem in the case where the
solvable Lie group has analogous structure to DLd(q), namely when n = d, k = d − 1 and the
action of (t1, . . . , td−1) ∈ R
d−1 on Rn is given by multiplication by the exponential of


t1 0 · · · 0
0 t2 0
...
... 0
... 0
0 · · · 0 −(t1 + · · · + td−1)

 .
Note that if we restrict the ti to lie in Z instead of R then this matrix defines the action of Z
d−1
on
(∏d
i=1  Lq((t))
)
that gives the identification of DLd(q) with
(∏d
i=1  Lq((t))
)
⋊ Zd−1.
Theorem 5.2 (Peng). Any self quasi-isometry of Rd ⋊ Rd−1 is, up to permuting the coordinates
of Rd, a bounded distance from a map of the form
f1 × · · · × fd × id
where fi is a bilipschitz map of R.
The second author’s results were not written to include the DLd(q) case in order to avoid cumber-
some notation, but the same dichotomy that enables Eskin, Fisher and Whyte to prove Theorem
5.1 for Sol and DL2(q) simultaneously yields a proof of Theorem 4.1.
We briefly rework some of the terminology found in [13, 14] into our context. First define
αi : Z
d−1 → Z
to be the homomorphism that is projection onto the ith coordinate for i = 1, · · · , d− 1 and set
αd(t1, · · · , td−1) = −(t1 + t2 · · ·+ td−1).
This ensures that
∑
i αi = 0 and gives the action of Z
d−1 on
∏d
i=1  Lq((t)). In the context of the
second author’s work, the αi are known as roots.
A flat is a subset of the form
(
(Pi(t))i,Z
d−1
)
where (P (t))i ∈
∏d
i=1  Lq((t)) is fixed. Geodesics that
lie in these flats have the form ((Pi(t))i,Z~v) where ~v ∈ Z
d−1. The images of these geodesics under a
quasi-isometry are the quasi-geodesics to which coarse differentation is applied. Loosely speaking,
coarse differentiation is the process of finding a scale at which a quasi-geodesic looks approximately
like a geodesic.
Note that, if ~v ∈ Zd−1 is not close to the kernel of αi for any i (which quantitatively means that
|αi(~v)| ≥ δ|~v| for a pre-fixed δ > 0 and a fixed norm on Z
d−1) then the subspace
H~v = {((xi)i, ~u) | (xi)i ∈
d∏
i=1
 Lq((t)), ~u ∈ Z~v}
is quasi-isometric to a Diestel-Leader graph. We can simplify the notation by denoting a point in
this Diestel-Leader graph by (x+, x−, t~v) where t ∈ Z, x+ = (xi)αi(~v)>0, and x− = (xi)αi(~v)<0. A
quadrilateral is given by a collection of four geodesic segments of the form
(y+, y−, [−L,L]~v), (z+, y−, [−L,L]~v), (y+, z−, [−L,L]~v), (z+, z−, [−L,L]~v)
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where
(y+, p, L+) = (z+, p, L+), (q, y−, L−) = (q, z−, L−) for p ∈ {y−, z−}, q ∈ {y+, z+}.
We refer the reader to Definition 3.1 of [9] for the characteristic properties of a quadrilateral. The
basic step of the proofs of Theorems 4.1 and 5.2 (and of Theorem 5.1) is to show that under any
quasi-isometry, quadrilaterals are sent to within a bounded distance of quadrilaterals. This is done
by applying the theory of coarse differentiation to the images of the geodesic segments defining the
quadrilateral.
Finally, for each generic vector ~v we also have a projection from the subspace H~v to the space∏
{i|αi(~v)>0}
(Lq((t)))i ⋊ Z
where the action of Z is dictated by the action of ~v. (Note that this space is quasi-isometric to a
tree.) A block associated to ~v is just the pre-image of a point under this projection. A large part of
the proof is spent analyzing how blocks behave under quasi-isometry and ultimately showing that
blocks are mapped to within bounded distance of blocks. In comparison to the proof of Theorem
5.1, in the proof of Theorem 5.2 blocks play the same role as horocycles or height level sets in H2
and T q+1.
The proof of Theorems 5.2 and 4.1 proceeds by first focusing on a large box, tiled by much smaller
boxes; these are the same as the boxes that are defined in Section 3. The size of the smaller boxes
is determined by the coarse differentiation procedure applied to the special geodesics in the large
box. Then one shows that on a large fraction of most of these smaller boxes a quasi-isometry is
bounded distance from a standard map (i.e. a map of the form that appears in the conclusions of
Theorems 4.1 and 5.2). A priori, the standard map may be different for each smaller box but after
analyzing how blocks behave under quasi-isometries one can conclude that the quasi-isometry is
sub-linearly close to a single standard map on a large portion of the large box. The final step is
to show that this implies that the quasi-isometry is uniformly bounded distance from a standard
map on the whole space.
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